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Q . Abstract 

O 



We study the effect of one-loop corrections from nucleon together with those from boson in the 
massless chiral sigma model, where we perform the Coleman- Weinberg renormalization procedure. 



\^ ' This renormalization procedure has a mechanism of spontaneous symmetry breaking due to ra- 

diative corrections in (p^ theory. We apply it to the system of nucleon and bosons with chiral 

>, 
Cf^ , symmetry where the negative-mass term of bosons does not exist. Spontaneous chiral symmetry 

^D ' breaking is derived from the contribution of nucleon and boson loops which generates the masses 

^^ ■ of nucleon, scalar meson, and vector meson dynamically. We find that the renormalization scale 



plays an important role for the breaking of the symmetry between fermion (nucleon) and boson, 
and eventually for the chiral symmetry at the same time. In addition, we find that the naturalness 
restores by means of the introduction of the vacuum fluctuation from both nucleon and boson. 
Finally we obtain a stable effective potential with the effect of Dirac sea in the chiral model for 
the first time. 
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I. INTRODUCTION 

The relativistic mean field (RMF) approximation is very popular now for the description 
of nuclei and nuclear matter. The success of the RMF model originates from the presence of 
large scalar and vector potentials with opposite sign 1| . The scalar potential is attractive and 
proportional to the scalar density, while the vector potential is repulsive and proportional 
to the vector density. This fact makes the net potential attractive for small densities and 
repulsive for large densities, the feature of which provides the saturation property of nuclear 
matter. The large scalar and vector potentials with opposite sign provide a large spin- 
orbit potential, which is necessary to provide the jj-closed shell magic numbers J2| • Further 
introduction of non-linear terms of the sigma meson field with a few additional parameters 
is able to make the incompressibility appropriate and describe nuclei quantitatively in the 
entire mass region 3|, y, |5| . 

In principle, however, we have to include the contribution of negative-energy states to the 
total energy and the densities due to the modification of the negative-energy states caused 
by formation of the nucleus. This is because the nucleons with positive energy polarize the 
negative-energy states and the whole object including the negative-energy nucleons should 
be the nucleus of our concern. In the development of the RMF model, we have assumed 
that the parameters in the RMF Lagrangian mocks up the contribution from negative-energy 
states. In this sense, the present RMF model is simply not more than a phenomenological 
model. Definitely, there are several works to try to include the contribution of negative- 
energy states nig. 

A theoretical study of the RMF model of the nucleus was performed by using the sigma 
model of Gell-mann and Levy J8|. The use of the original Lagrangian after making the 
Weinberg transformation in addition to the introduction of the omega meson term was 
not successful to generate a good saturation property of nuclear matter in the mean field 
approximation J2|. Hence, the chiral model was modified by introducing the dynamical 
mass generation term for the omega meson as the case of the nucleon. This modified sigma 
model, named as chiral sigma model, is able to provide a good saturation property for nuclear 
matter [9|, |lO|. However, the incompressibility comes out to be too large (K=650[MeV]), 
which causes a bad feature in the single particle spectra of finite nuclei [lO|. 

This observation sets a stage to study the modification of negative-energy states, since 



the linear sigma model Lagrangian is used for the hadron properties and for pion dynamics. 
Hence, we study the effect of the Dirac sea in the chiral sigma model for nuclear structure. 
The chiral sigma model is renormalizable, and it is legitimate to include the Dirac sea in 
this model. In the non-chiral model (Walecka model) it is known that the contribution of 
the Dirac sea is to make the scalar density decrease by about 10% to 20% at the saturation 



a 



density and reduces the incompressibility [7[. We shall try now to include the Dirac sea in 



the chiral sigma model. Since the chiral 
terms need to respect this symmetry 



sig ma model has the chiral symmetry, the counter 
11|. We obtain the counterterms with the chiral 
symmetry, but the counterterms remain arbitrary and the total effective potential comes 
out to be unstable |lj]. We should reconstruct one-loop corrections with chiral symmetry 
using a new renormalization procedure and the mechanism of the spontaneous symmetry 
breaking. This is the purpose of this paper. 

In Sect, inj we review the radiative corrections as the origin of spontaneous symmetry 
breaking in the Coleman- Weinberg scheme [jj]. Using the Coleman- Weinberg renormaliza- 
tion scheme, we calculate the one-loop corrections with chiral symmetry and construct the 
massless chiral sigma model with Dirac sea in Sect. IIIII In Sect. IIVI and IV J we show some 
properties of the massless chiral sigma model. We summarize the present study in Sect. IVIl 



II. RADIATIVE CORRECTIONS AND SPONTANEOUS SYMMETRY BREAK- 
ING 

The chiral model usually has a mechanism of spontaneous chiral symmetry breaking by 
construction. This mechanism comes from the negative-mass term of (Higgs) bosons to make 
a minimum point in the wine bottle potential. First, we review the radiative corrections of 
this system in the (f)'^ theory. The Lagrangian is 

C = lid,<^r-^<l>'-^_<l>'-6CcTc. (1) 

This Lagrangian consists of only the field </> for scalar meson, and /i^, A are the mass and the 
coupling constant. The last term 6Cctc is the counterterm Lagrangian, which is necessary 
to renormalize the boson loop in Fig. ^ The effective action of Eq. (^ at the one-loop level 
can be written as 
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FIG. 1: All-order boson loop corrections at the one- loop level. First term of the right hand side is 
the vacuum expectation value (VEV) corresponding to the contribution from the valence bosons. 
The second and the third terms are the higher order corrections of VEV. 
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We take ordinary renormalization conditions for mass, coupling constant, and derivative 
term to Eq. Q with counterterms. 
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Here, we keep only the lowest order derivative term, since the derivative expansion is known 
to converge rapidly a,llJ, ll^- Therefore we obtain the renormalized Lagrangian as, 
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This potential has a mechanism to break the spontaneous symmetry owing to the negative- 
mass term [fi"^ < 0). This is the standard spontaneous symmetry breaking scheme. 

We introduce now the Coleman- Weinberg renormalization scheme [l3[. In the Coleman- 
Weinberg scheme, we set the mass term vanish and let the radiative corrections have the 



same role as the negative-mass term. We change the renormahzation conditions from © 

(0) to the new ones as, 
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where we introduce the renormahzation scale m to Eqs. (jlO|) and (lllj) in order to avoid 
the logarithmic singularity at the origin of the effective potential. Finally the renormalized 
effective potential becomes 
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with the constant correction g^ in Z^ before the renormahzation, which is removed by the 
counterterm. Since the second term of Eq. p2|l is negative around the origin, it has an effect 
to make a new minimum at some point away from the origin. This mechanism plays the 
role of spontaneous symmetry breaking in the Coleman- Weinberg scheme. This scheme is 
not used, however, in the actual case, since the radiative corrections are much bigger than 
the tree level contributions. 

III. ONE-LOOP CORRECTIONS WITH CHIRAL SYMMETRY 



It is well known that chirally symmetric renormahzation in the conventional way gives 
unstable effective potential |l2] and too large non-linear interactions [la|- These features 
come from the form of the counterterms and the renormahzation conditions. In order to 
respect the chiral symmetry of the model, the number of the counterterms is restricted to 
two terms despite of four divergent diagrams of the nucleon loop. After spontaneous chiral 
symmetry breaking, we take only two renormahzation conditions for a local minimum and 
the mass in the ordinary way UJ, ll2|. In this way the coupling constant A could not be 
renormalized properly. 

Boson-loop corrections were, then, introduced for the cancellation of the unstable effective 
potent., coding .o,„ tKe nuc.eon loop HQ. We Kave to take a .a.ge ,^. .eso. .a. 
as about 1125 MeV in order to achieve the cancellation of the nucleon and the boson loop 



corrections. In this case, we get too small scalar potential and eventually too small spin-orbit 
splitting for the case of the nucleus. In addition, the problem of instability is not solved 
perfectly. Hence, until now, we do not have a satisfactory procedure to treat the vacuum 
polarization for the Lagrangian with the chiral symmetry. 

We consider now the Coleman- Weinberg renormalization scheme to both the nucleon and 
boson loops with chiral symmetry. As shown in the previous section, radiative corrections 
from boson are taken into account before symmetry breaking and give rise to the sponta- 
neous symmetry breaking. We consider then one-loop corrections for nucleon before the 



spontaneous chiral symmetry breaking in t 



le same way as the boson loop in the theory. 



We begin with the chiral sigma model 9lll0l|: 



£. = 11) [i'^^d^ - g„{(f) + i'y^T ■ tt) - gu^l^^uj^] ip 



- ^n^^n^^^ + ^rJ (0' + TT^) iU.iU^ - 5CcTC, (13) 

where ip, 0, and tt are nucleon field, sigma meson field, and pi meson field, respectively. 
This Lagrangian has the chiral symmetry. The sigma meson field appears together with 
the pion field in the chiral symmetric way. There does not exist the nucleon mass term, 
which is produced by chiral symmetry breaking in this chiral sigma model. We introduce 
omega meson field, u^, in order to generate an appropriate repulsive effect to obtain a stable 
nucleus. The coupling constant g^j is therefore considered to be a free parameter. The ornega 
meson acquires its mass by chiral symmetry breaking as the case of the nucleon field J9|, |lO| . 
The field strength of the isoscalar vector meson is given by 

^fiu = d^Uu - dyU}^. (14) 

Up to this stage this Lagrangian has a mass term yU^ of scalar bosons. We take the limit 
/i^ — > in the Coleman- Weinberg renormalization procedure. In this sense we name it the 
massless chiral sigma model (MCSM). We describe for the scalar field before the chiral 
symmetry breaking and a after the chiral symmetry breaking hereafter. 

A. Boson loop with chiral symmetry 

We expect that the boson loop effective potential with chiral symmetry is almost the 
same as the one in the previous section. It is necessary to consider new diagrams with 
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FIG. 2: For the four external lines of sigma meson, for example, three-type diagrams exist. 

different bosons as shown in Fig. |21 In order to respect the chiral symmetry we must deal 
with sigma and pi meson equally. The effective action becomes 



J- B 
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(15) 



where C includes the tree contribution and ^£^0" i^ ^^^ counterterms for the boson loop. 
^^ means the second functional derivatives of C with respect to bosons (sigma, pi, and 
omega mesons) . Here we can neglect the external lines of vector meson owing to the current 
conservation. For simplicity we introduce the new variable. 
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We change the renormalization conditions for Eq. |T5j) using its variable as 
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Finally the renormalized potential of boson with the chiral symmetry becomes 
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The calculation is entirely analogous to Eq. p2p. We only need to note that the 0^7r^ 
coupling is 1/3 of the (p^ coupling and there are three kinds of pion and that the extra 
factor 12 in the omega loop comes from the trace of Lorentz- gauge propagator and coupling 
constant. In the same way we calculate the coefficients of derivative terms by including all 
contributions from boson and find before the renormalization, 

^- - -J^^^- (21) 

This constant correction is removed by taking a counterterm to cancel out. Hence, we have 
Z^^ = eventually. 

B. Nucleon loop with chiral symmetry 

It is important to take into account the nucleon loop before the chiral symmetry breaking 
since the chiral symmetry is fulfilled only in the massless phase. However we encounter the 
same difficulty like the logarithmic singularity of boson loop in the massless limit. At first 
we calculate the nucleon loop with finite mass in the same way as the boson loop. Then 
we take the limit of massless phase (M -^ 0) and replace a with (p at the same time in the 
renormalization procedure. The one-loop effective action of nucleon with chiral symmetry 
is given by 



r^ = / d^x 



d X 
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where SjC,Qrp^ is the counterterms for nucleon loop. In the calculation it is important to 
consider the one-nucleon loop contribution in the massless phase. In the phase of the chiral 
symmetry breaking the diagrams from sigma meson are different from ones from pi meson 
due to the property of pseudoscalar coupling in Fig. |21 However we can deal with both 
sigma and pi mesons symmetrically before the chiral symmetry breaking. We take the 
renormalization conditions for Eq. (j^^ using new variable 
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FIG. 3: Nucleon loop potential in the relativistic mean field (RMF) approximation. Double line 
is nucleon propagator with RMF and includes all-order scalar, pseudoscalar, and vector potentials 
from Dyson equation. Note that the contributions of nucleon loops coupled with odd-order pion 
couplings vanish due to the property of 75. First term in right hand side means vacuum expectation 
value (VEV) corresponding to the loop contribution from the valence nucleon. 



. =0, 
. =0. 

Using these conditions we obtain the renormalized potential of nucleon loop as 

^2 \ 25" 



(25) 
(26) 



V, 



R 



4 4 
9aP 



87r2 
9'. 



In 



P 



87r2 
47r2 

i2 



+ 7r 



2\2 



6 



In 



i^ + TT^^ 



m^ 



25 



In 



^2 + 77^^ 



m^ 



67r2 



In 



77 



m^ 



(27) 
(28) 
(29) 



In the same way as the boson loop, we also introduce the same renormalization scale m 
in order to avoid a logarithmic singularity. As one can see in Eqs. fl20p and ^I7\i . the 
difference between boson and fermion loops is sign and coupling constant, but both of them 
have the same function forms. This is true before chiral symmetry breaking and by using 
this renormalization procedure we can deal with the loop contributions from the boson and 
nucleon symmetrically. Through these good features we define the absolute ratio of V^ to 
Vp in order to estimate the loop corrections from boson and nucleon, 
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It is possible to obtain the total renormalized potential using this ratio as 
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C. Total Lagrangian and spontaneous chiral symmetry breaking 

In the above two subsections, we have obtained the renormalized one-loop potential of 
boson and nucleon with the chiral symmetry. The massless chiral sigma model with Eq. ()31|) 
becomes 
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Here, we have added the explicit chiral symmetry breaking term, ecf), which produces the 
finite pion mass after chiral symmetry breaking. The functional coefficients of the derivative 
terms are given by 
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Here, we have defined a non-trivial local minimum away from the origin using < 0|</)|0 >= /„ 
and < 0|7r|0 >= at the zero density (vacuum), together with < Olcu^lO >= as 

where Uaii means all of the tree and loop contributions. Eq. ()35|1 for the local minimum 
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determines the coupling constant A dependent on the renormalization scale ?n. 
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FIG. 4: One-loop potentials from nucleon and bosons (Eqs. (|2U() and ((2ZI)) ^-s a function of the 
field (/> of sigina meson before chiral symmetry breaking with Eq. H36|) . We take m = /tt for this 
presentation with the values of the coupling constants in Table I. The total effective potential 
(Eq. (|31|)) is negative as denoted by the solid curve. This property provides spontaneous chiral 
symmetry breaking. 

Eq. (p?H|) has two solutions as a function of vti and we choose the positive coupling constant A 
as the natural choice. As shown in Fig. EJboth the boson and the nucleon loops are too large 
as compared with the tree contributions. However, the total loop potential is a reasonable 
and negative one due to cancellation between the large positive potential from the nucleon 
loop and the large negative one from the boson loop. As a result, the total renormalized 
loop potential plays an important role as the negative mass term of the linear sigma model 
and the source of the Higgs mechanism through Eq. ()H5|1 . 

In the linear representation of chiral symmetry we obtain the Lagrangian as 
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TABLE I: Parameter sets throu 


igh the relationships using m = /^. 


M[MeV] m^[MeV] m^[MeV] /^[MeV] 


5. 5^ A 7 e[MeV3] m.[MeV] 


939 783 139 93 


10.09 8.419 77.07 1.038 1.79x10^ 641 
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The spontaneous chiral symmetry breaking makes nucleon, sigma meson, and omega meson 
massive. Only the pion mass is generated from the exphcitly chiral symmetry breaking term. 
The masses of scalar and pseudoscalar mesons are given from the effective potential by 
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o-=0,7r=0 

We take the masses and the pion decay constant as M = 939 [MeV], m^ = 783 [MeV], m^ = 
139 [MeV], and /^ = 93 [MeV]. Then, the other parameters can be determined automatically 
using Eqs. (1211), dSHl), dH)), dH, and (03) in Table HI 

Using all of the parameters we plot the effective potential around the new local minimum 
as a function of the scalar field a in Fig. El The renormalized effective potential consistent 
with chiral symmetry becomes stable around the new origin satisfying Eq. (j36p by using 
the Coleman- Weinberg renormalization procedure for the first time. It is amazing that the 
results in Fig. HI and El come out without free parameters. These results come out naturally 
from the chiral symmetry in the Coleman- Weinberg scheme. 



12 





1.4 


- 


1 1 1 1 1 


1 1 1 1 1 1 1 1 1,1 


- 




1.2 


- 




1 


- 










- MCSM .7 


■ 


'e 

s— , 


1.0 


i. 





TM1 '/ 


~ 




:\ 




■ csM .y 


: 


lo 


0.8 






ij 


- 


v^ 








if 




c 






\ 






CD 


0.6 


_ 




il 


_ 


o 






\ 


ij 


- 


Q. 




^ 


\ 


ij 


/ 




0.4 


-"" 


■-4 


il 


/ '. 








\ 


/ ^^^^^^^^^^^^^^^^^ 






0.2 








- 










'/ / 


- 








' ^ii 


/•■■"■•"' 


- 







' 


. , 1 , . 


^*S.-a— *^ , , 1 , , 


, I 






-50 


50 












o [MeV] 





FIG. 5: The effective potential as a function of the new field a of sigma meson around the new 
local minimum using the massless chiral sigma model (MCSM) by the solid curve at ?7i = f.,^. As a 
comparison, the tree level potential of the chiral sigma model |lOt | and that of the TMl parameter 
set |j] are represented by the dash-dotted and dotted curves, respectively. 



IV. NATURALNESS IN THE MASSLESS CHIRAL SIGMA MODEL 



We estimate 
analysis (NDA) 



lere the validity of the vacuum contribution using the naive dimensional 



21|. Although the Walecka model and the chiral sigma model in the linear 



representation are renormalizable, it is known that the effects of not only chirally symmetric 
renormalization using ordinary procedure but also one-loop potential from nucleon in the 
Walecka model are not natural by the NDA lla 221 1. 

n 

In this section we follow the definition and the convention for the NDA in Ref. |16| . 
For example a term in the scalar effective potential takes the form using the appropriate 
dimensional scales 
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The dimensionless coefficients k„ should be of order unity if naturalness holds. In this paper 
we use A = M = 939 [MeV]. 

At first we evaluate the naturalness in the Walecka model as mentioned above. The 
contribution of nucleon loop is written as (l9l . |2i| 
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where $ = gaC The leading term of Eq. (j47jl should be scaled based on the scaling rules 
(Eq. (gni)) as 
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Thus the one-nucleon loop contribution to the energy has a large naturalness value. However, 
total effective potential with tree contributions and one-loop corrections are still stable in 
the Walecka model. 

Next we consider naturalness of the massless chiral sigma model in the NDA. The vacuum 
fluctuation (Eq. (jHZI)) of scalar meson becomes 
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where we choose m = f^^. Especially a leading term of Eq. P9| and another leading term 
which comes from radiative corrections are evaluated in the NDA 
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When we consider the effect of only nucleon loop in any model and any renormalization 
scheme, it has too large non-linear potential and unnatural coefficient. By introducing both 
nucleon and boson loops before the symmetry breaking in the Coleman- Weinberg scheme, 
we find that two contributions from vacuum fluctuation are almost cancelled. In the RMF 
consistent with chiral symmetry, the naturalness is fulfilled even with the introduction of 
one-loop corrections of nucleon and bosons for the first time. 
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FIG. 6: The dependence of the coupHng constant A and the mass of the sigma meson on m. 
V. THE PHYSICAL MEANING OF THE RENORMALIZATION SCALE 

We consider here the physical meaning of the renormahzation scale m in the massless chi- 
ral sigma model through the ratio 7. At first we consider the coupling constant A (Eq. (jHSI)) 
and the mass of the sigma meson m^ (Eq. (011)) for their dependence on the renormahza- 
tion scale m in Fig. IHl In the small m region, the dependence of two values on m is large, 
while it saturates in the large m region. We find an interesting property of dependence on 
renormahzation scale in the limit ?Ti — * 00 



A 



m^ 



75.315, 



0. 



(52) 
(53) 



Especially Eq. ()53p shows the restoration of the chiral symmetry in the limit oi m — >■ cxd. 
Since one-loop corrections give rise to spontaneous chiral symmetry breaking in our model, 
it means that this generator vanishes in the limit m —* 00. In order to check this fact we 
estimate the ratio (Eq. (jSIIl)) with Eq. (jSEI), 



7 



(m 



00 



(54) 



As shown in Fig.d all of the radiative corrections are perfectly cancelled in this limit, and the 
mechanism of spontaneous symmetry breaking does not occur. Thus both nucleon and boson 
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FIG. 7: The dependence of the ratio 7 on m. This figure shows that the contribution from the 
boson loop is larger than the one from the nucleon loop. It corresponds to the result of Fig. ^ 
Taking the limit m — s- oo with Eq. (|36() . this ratio goes to 1. It means that the one- loop corrections 
from boson and nucleon perfectly cancel each other in this limit. 

becomes massless particle in this phase. Once a renormalization scale has a finite value, the 
symmetry between fermion and boson is broken. At the same time, spontaneous symmetry 
breaking occurs and the masses of both nucleon and bosons are generated dynamically. This 
means that the MCSM becomes trivial for ?7i = 00, while the system becomes non-trivial at 
finite m. It is now legitimate to set ?n = /,r, since the renormalization condition is naturally 
taken at the point where the nucleon and all the bosons should have the known physical 
values in the non-trivial vacuum. 

VI. CONCLUSION 

We have studied the vacuum polarization of the Dirac sea with chiral symmetry using 
the Coleman- Weinberg renormalization procedure. In the Coleman- Weinberg scheme, we 
start with the massless fermion and boson Lagrangian with the chiral symmetry, where the 
renormalization scale is chosen at finite m. We work out the renormalization procedure and 
obtain a divergence-free chiral Lagrangian, which includes the vacuum polarization effect. 
The mean field approximation provides the lowest energy state as the ground state, which 
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corresponds to the sigma field cj) = f-,^. We take the renormahzation scale at m = /^r, 
because this is the vacuum state, where the nucleon mass and meson masses are known 
as the experimental values. Hence, all the parameters in the Lagrangian are fixed by the 
experiment. 

It is interesting to analyze the Coleman- Weinberg renormahzation scheme applied to the 
fermion-boson system with chiral symmetry. The contributions of the loop diagrams of 
both the fermion and boson come out to have the same functional forms except for the 
coupling constants. The renormalized Lagrangian at some renormahzation scale m provides 
non-trivial solution with the lowest mean field energy at = /tt for the case of the finite 
renormahzation scale. However, as rra ^ oo the fermion loop and the boson loop cancel 
completely each other and the model becomes trivial. In this limit the quantum corrections 
completely disappears. 

We have now a theoretical model to handle the chirally symmetric Lagrangian with the 
vacuum polarization effect having been worked out. We are now armed to describe the 
nuclear system at finite nucleon density and also the hadronic system at finite temperature 
with the model Lagrangian with chiral symmetry. 
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